In this paper, we introduce the generalized quasi-contractive mapping f in a cone metric
Introduction and preliminaries
In 1974, Ćirić [1] introduced and studied quasi-contraction mapping in metric space. The well known Ćirić's result is that, see [1] [2] [3] : Theorem 1. Let (X, ρ) be a complete metric space. A mapping T : X → X such that for some constant λ ∈ (0, 1) and for every x, y ∈ X ρ(Tx, Ty) ≤ λ max{ρ(x, y), ρ(x, Tx), ρ(y, Ty), ρ(x, Ty), ρ(y, Tx)}.
(1.1)
Then T possesses a unique fixed point.
Huang and Zhang [4] have replaced the real numbers by an ordered Banach space and defined a cone metric space. They have proved some fixed point theorems for contractive mappings on cone metric spaces.
Mapping satisfying the inequality (1.1) is called the quasi-contractive. Ilić and Rakočević [5] generalized Theorem 1 to cone metric space. They proved the following theorem. Then T possesses a unique fixed point.
In this paper, we replace (1.2) by
proving a more general fixed point theorem in cone metric space. Now following [4] , we give some definitions and auxiliary results. Let E be a real Banach space and P a subset of E. P is called a cone if and only if:
(i) P is closed and nonempty;
(ii) a, b ∈ R, a, b ≥ 0, x, y ∈ P ⇒ ax + by ∈ P; (iii) x ∈ P and −x ∈ P ⇒ x = 0.
Given a cone P ⊆ E, we define a partial ordering with respect to P by x ≤ y if and only if y − x ∈ P. We shall write x < y if x ≤ y and x ̸ = y; we shall write x ≪ y if y − x ∈ int P, where int P denotes the interior of P.
The cone P is called normal if there is a number K > 0 such that for all x, y ∈ E,
Definition 1 ([4]
). Let X be a nonempty set. Suppose the mapping d :
Then d is called a cone metric on X , and (X, d) is called a cone metric space.
Let (X, d) be a cone metric space, {x n } be a sequence in X and x ∈ X . If for every c ∈ E with 0 ≪ c there is N such that for all n > N, d(x n , x) ≪ c, then {x n } is said to be convergent and {x n } converges to x, and x is the limit of {x n }. We denote this by Let (X, d) be a cone metric space with normal cone and {x n } be a sequence in X . In [4] it is proved that the limit of {x n } is unique, {x n } converges to x if and only if d(x n , x) → 0(n → ∞) and {x n } is a Cauchy sequence if and only if
Let E be a real linear space, x ∈ E, A ⊆ E and λ a nonnegative real number. With x ≤ A and x ≤ λA we denote there is a s ∈ A such that x ≤ s and there is a s ∈ A such that x ≤ λs respectively.
Let E be a real linear space, A be a subset of E, with coA we denote the convex hull of A.
Let E be a real normed linear space and A be a nonempty subset of E. With δ(A), we denote
The following lemmas are easy to prove.
Lemma 1. Let E be a real linear space
, x, x 1 , x 2 , . . . , x n ∈ E and 0 ≤ λ ≤ µ ≤ 1. If x ≤ λco{0, x 1 , x 2 , . . . , x n }, then, x ≤ µco{0, x 1 , x 2 , . . . , x n }. Lemma 2. Let E be a real linear space, x, x 1 , x 2 , . . . , x n ∈ E and 0 ≤ λ ≤ 1. If x ≤ λco{0, x, x 1 , x 2 , . . . , x n }, then, x ≤ λco{0, x 1 , x 2 , . . . , x n }. Lemma 3. Let E be a real linear space, x, x 1 , x 2 , . . . , x n , y, y 1 , y 2 , . . . , y m ∈ E and 0 ≤ λ, µ ≤ 1. If x ≤ λco{0, y, x 1 , x 2 , . . . , x n } and y ≤ µco{0, y 1 , y 2 , . . . , y m }, then, x ≤ λco{0, x 1 , x 2 , . . . , x n , y 1 , y 2 , . . . , y m }. Lemma 4. Let E be a real linear space, x, x 1 , x 2 , . . . , x n , y, y 1 , y 2 , . . . , y m ∈ E and 0 ≤ λ, µ ≤ 1. If x ≤ λco{0, x, y, x 1 , x 2 , . . . , x n } and y ≤ µco{0, x, y, y 1 , y 2 , . . . , y m }, then, x ≤ λco{0, x 1 , x 2 , . . . , x n , y 1 , y 2 , . . . , y m }. Lemma 5. Let E be a real linear space, x, x i , y i1 , y i2 , . . . , y im i ∈ E, i = 1, 2, . . . , n, and 0 ≤ λ, µ ≤ 1. If x ≤ λco{0, x 1 , x 2 , . . . , x n }, and x i ≤ µco{0, y i1 , y i2 , . . . , y im i }, i = 1, 2, . . . , n, then, x ≤ λµco{0, y i1 , y i2 , . . . , y im i : i = 1, 2, . . . , n}.
Main theorem
In this section, we give our main theorem.
then f is called a generalized quasi-contractive mapping in cone metric space X .
It is clear that the condition
Obviously, the generalized quasi-contractive mapping in cone metric space is a generalization of quasi-contractive mapping in metric space [1] and cone metric space [5] .
For f : X → X and x ∈ X , we set For the proof of Theorem 3, we need the following lemmas, Lemma 6. Let f is a generalized quasi-contractive mapping with contractive constant λ ∈ [0, 1) in a cone metric space X and x ∈ X . Then for all n ∈ N, n ≥ 2 and
Proof. We prove this by induction.
Suppose that for 2 ≤ m ≤ n and 1 ≤ i < m, (2.3) holds, i.e.,
In order to prove that for n + 1 and 1 ≤ i < n + 1 (2.3) holds, we show that for 1
(2.5)
Suppose that for 1 ≤ i ≤ n − 1, (2.5) holds. Now we show that
(2.6.n − i) From (2.4), (2.6.1), (2.6.2) and lemmas, we get
From this inequity and (2.6.2), we have
Continuing these proceedings, we have
From (2.7), (2.6.n − i) and (2.5), we obtain
Hence (2.5) is proved. The inequality (2.5) gives that
(2.8.n)
From (2.8.1) and (2.8.n)
From this inequality and (2.8.2)
From (2.9) and (2.8.1)
From these inequalities, we get
So for n + 1 and 1 ≤ i < n + 1 (2.3) holds. The proof of the lemma is complete. 
(2.10)
And for all n
Hence there are a 1 , . . . , a n ≥ 0,
By the normality of P ‖d(f
Hence there are b 1 , . . . ,
By the normality of P
Therefore for all n
Lemma 8. Let f is a generalized quasi-contractive mapping with contractive constant λ ∈ [0, 1) in a cone metric space (X, d) with normal cone P and normal constant K . For x ∈ X and n ∈ N, we have
where n 0 ∈ N is such that K λ n 0 < 1.
So (2.12) and (2.13) hold.
Proof of Theorem 3.
Proof. Given x ∈ X , and n 0 ∈ N with K λ n 0 < 1. Now we prove that {f n x} is a Cauchy sequence. Let
(2.14)
From (2.14)
Using Lemma 5 repeatedly
This gives that So {f n x} is a Cauchy sequence. Since X is complete, there is x * ∈ X such that f n x → x * (n → ∞). There are real sequences {a n }, {b n }, {c n }, {d n }, {e n }, a n , b n , c n , d n , e n ≥ 0, a n + b n + c n + 
